Abstract| In the present paper, the Second Method of Lyapunov is utilized to establish su cient conditions for the global asymptotic stability of the trivial solution of zeroinput 2{D (two-dimensional) Fornasini-Marchesini statespace digital lters which are endowed with a general class of over ow nonlinearities. Results for the global asymptotic stability of the null solution of the 2{D Fornasini-Marchesini second model with over ow nonlinearities are established. Several classes of Lyapunov functions are used in establishing the present results including vector norms and the quadratic form. When the quadratic form Lyapunov functions are considered, the present results involve necessary and su cient conditions under which positive de nite matrices can be used to generate Lyapunov functions for 2{D digital lters with over ow nonlinearities.
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In the implementation of digital lters, signals are usually represented and processed in a nite word-length format which gives rise to several kinds of nonlinear e ects, such as over ow and quantization. Since nite word-length realizations of digital lters result in systems which inherently are nonlinear, the asymptotic stability of such lters (under zero-input) is of great interest in practice (cf. the present paper, results for the global asymptotic stability of 2{D digital lters with over ow nonlinearities will be established. Quantization e ects will not be considered in the present paper. Associated with the nonlinear digital lter described by (1), consider linear digital lters given by w(k + 1; l + 1) = A 1 w(k; l + 1) + A 2 w(k + 1; l); k 0; l 0
where A 1 and A 2 are de ned in (1), and w 2 R n . A nite set of initial conditions as in (2) will be assumed for system (3) . For 2{D linear digital lters described by (3), i.e., lters (1) In the present paper, the asymptotic stability of the 2{D digital lter (1) with initial conditions (2) will be studied. In particular, Lyapunov's Second Method will be utilized to establish results for the global asymptotic stability of the null solution of 2{D systems described by (1) . Results of the present paper for nonlinear digital lters (1) constitute modi cations of the results in 11] and 16] for linear digital lters (3). For example, it will be shown that with certain constraints on the matrix P, condition (4) can also be applied to system (1). Several classes of Lyapunov functions will be used in establishing the present results including the quadratic form. When the quadratic form Lyapunov functions are used, the present results involve necessary and su cient conditions under which positive de nite matrices can be used to generate Lyapunov functions for the systems considered herein.
II. Main Results
In the present paper, the nonlinearity f: R n ! R n representing over ow e ects in 2{D digital lters (1) is de ned by
Fig. 1. The generalized over ow nonlinearity described by (7) The function ': R ! ?1; 1] in (5) is piecewise continuous and is de ned by (see Figure 1 )
where ?1 L L 1 ; L 2 1. For given L, L 1 , and L 2 , when jx i j > 1, '(x i ) in (6) may assume any value in the crosshatched region in Figure 1 including L, L 1 , and ?L 2 . The class of over ow nonlinearities considered herein will be called generalized over ow characteristics. These nonlinearities constitute a generalization of the usual types of over ow arithmetic employed in practice such as zeroing ( 
, and saturation (L = L 1 = L 2 = 1) over ow characteristics. In the present approach, these nonlinearities, although satisfying sector conditions (cf. 3], 4], 9], 11]), are here characterized by the range of the nonlinear function representing the over ow arithmetic.
In analyzing the stability of the equilibrium x e = 0 of the 2{D system (1), a class of Lyapunov functions for the linear system (3) will be used. Speci cally, the following assumption is made. (7) is indeed a function of (k; l));
(ii) For all w 2 R n , it is true that V (f(w)) V (w) (8) where f represents the over ow nonlinearity de ned by (5) and (6) .
The following result can now be established. Theorem 1: If Assumption (A{1) holds, the equilibrium x e = 0 of the 2{D system (1) is globally asymptotically stable. Proof: Since (A{1) is true, there exists a positive de nite and radially unbounded function V for system (3), such that (8) Therefore, the equilibrium x e = 0 of the 2{D system (1) is globally asymptotically stable. Remark 1: The condition + = 1 in Theorem 1 can be replaced by + 1, which will not a ect the validity of the theorem.
A function V satisfying Theorem 1 will be referred to as a Lyapunov function for the 2{D system (1).
In particular, when the function V is chosen as V (w) = kwk v , where kwk v denotes any vector norm satisfying that kf(w)k v kwk v ; for all w 2 R n (11) for f de ned by (5) and (6), the following result can be established.
Corollary 1: The equilibrium x e = 0 of the 2{D system (1) is globally asymptotically stable if kA 1 k v + kA 2 k v < 1 (12) where kA i k v , i = 1; 2, denotes the matrix norm induced by the vector norm kwk v satisfying (11) . In the following, a quadratic form Lyapunov function for system (1) will be considered. In deriving the next result, the following assumption which characterizes a class of positive de nite matrices will be made. (Throughout, the term positive de nite matrix stands for a symmetric matrix with positive eigenvalues.) Assumption (A{2): Let f be de ned by (5) The next result provides a necessary and su cient condition for matrices to satisfy Assumption (A{2) when f represents the generalized over ow arithmetic. This result is very useful in applications. Lemma 1: Assume that f is de ned by (5) (4)). Speci cally, it has been shown in the present paper that the result in 11] can also serve as a criterion for testing the global asymptotic stability of the null solution of digital lter (1) if the matrix P in (4) satis es the Assuption (A{2). It should also be noted that, for 2{D digital lters with over ow nonlinearities characterized by sector conditions, a result is obtained in Theorem 2 of 11] (which requires that the positive denite matrix P be diagonal). The result in Corollary 2 of the present paper and the result in Theorem 2 of 11] constitute di erent su cient conditions. It appears that usage of the parameter L given in (6) to characterize over ow nonlinearities may in some cases be more desirable than usage of sector conditions.
The following is a special case of Corollary 2 when H = I (the identity matrix) and = = 1=2. This result is very easy to apply. The next theorem, for which Corollary 2 can also be considered as a special case, can now be established based on the above results and the results of 16]. Theorem 2: The equilibrium x e = 0 of the 2{D digital lter (1) is globally asymptotically stable, if there exist positive de nite matrices H, W 1 , and W 2 , with H satisfying
